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Abstract

Let Z, be a finite field with g element and x™ — 1 be a given cyclotomic polynomial. The number of
cyclotomic cosets and cyclic codes has not been done in general. Although for different values of q the
polynomial x™ — 1 has been characterised. This paper will determine the number of irreducible monic
polynomials and cyclotomic cosets of x™ — 1 over Z,3 .The factorization of x™ — 1 over Z;3 into irreducible
polynomials using cyclotomic cosets of 13 modulo n will be established. The number of irreducible
polynomials factors of x™ — 1 over Z, is equal to the number of cyclotomic cosets of ¢ modulo n. Each monic
divisor of x™ — 1 is a generator polynomial of cyclic code in F,» This paper will further show that the
number of cyclic codes of length n over a finite field F is equal to the number of polynomials that divide
x™ — 1. Finally, the number of cyclic codes of length n, when n =13k, n=13%n=13%* - 1,(k,13) = 1
are determine.

1. Introduction

The basic problem of coding theory is that of communication over unreliable channel that result in errors in
the transmitted messages. It is worth noting that transmitted messages like data from a satellite are always
subject to noise. It is important therefore, to be able to encode a message in such a way that if noise scramble
it, it can be decoded to its original form. This is done by adding redundancy to the message so that the original
form can be recovered if too many errors have not occurred. Sometimes where sensitive information is being
transmitted the message is highly encoded and certain dummy parameters added to the message to avoid it
correctly decoded in case it lands on wrong hands.

In addition to these practical application, coding theory has many application in theory of computer science.
As such it is a topic of interest to both practitioners and theoreticians.
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1.1 Definitions

Code: Let F be a finite set with g symbols, there are g™ different sequences of length n. Of these only g* are
codewords since the r check digits within any code word are completely determined by the k message digits.
The set consisting ofg* codewords of length n is called a code.

1.2 Cyclic code: Let C be a Inear code over a finite field GF(q) of block n, C is called acyclic code, if for
every codeword ayaqa,,...,a, from C, the word a,a,a,,...,a,_; in C obtain by acyclic right shift of
component is also a codeword. This also involves the left shift. Therefore a linear code C is cyclic precisely
when it is invariant under all cyclic shifts.

the check polynomial of C.

1.3 Cyclotomic cosets: Let n be relatively to q. The cyclotomic cosets of gmodn is defined by C; =
{i.,¢/modn€z,:j=0,1,2,.}

1.4 Preliminary results
A code C is said to be cyclic if it is alinear code and it is invariant under any cyclic shift. In finding cyclic
codes we factorise x™ — 1 into irreducible polynomials and obtain all monic polynomials that divide x™ —
1. Each such monic polynomial is a generator polynomial and generate a cyclic code. We wish to generate the
number of cyclic code of length n over GF (13).

2: Main Results: Factorization of x™ — 1 into irreducible polynomial over Z;3

Let n be a positive integer with g and n relatively prime. The number of irreducible polynomial factors of
x™ — 1 over F; is equal to number of cyclotomic coset of g(modn)n and if

ayn=1
x —1 = x + 12 isirreducible polynomial of degree 1 over Z3
byn=2: x> —1 Co={0} C;={1}

There are only two cyclotomic cosets of 13(mod2) over Z,3. Therefore the number of polynomial will only
be two

x2—1=((x—-Dx+1) =(x+12)(x + 1) over Z3

n=3:x3-1

We need to find the number of cyclotomic cosets 13(mod3)

.C; ={i.13/mod3:,j = 0,1,2,..} Co={0} Ci={1} C,={2}

Therefore, there are 3 irreducible linear factors that divide x3 — 1 over Z,5 i.e

x3—1=(x+12)(x? +x+40) = (x + 12)(x + 10)(x + 4 )
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d) n=4:x*-1
We need to factorize x* — 1 over Zy3 C; = {i.¢/mod4:j =0,1,2,.. }:
Co={0} Ci={1} Co={2} Cs={3}

Therefore x* — 1 can be factorized into 4 irreducible linear factors all of degree 1 over Z;; i.ex*—1=
-DE2+D)=C-DEx+DE*+1D)=Cx+12)x+ D>+ 1) = (x +12)(x + D(x + 8)(x +
5)

eyn=5: x>—1

We factorize x> — 1 over Z;3 C; = {i.¢/mod5 : j = 0,1,2,....} Co={0} Ci={1,2,4,3}
x° — 1 can be factorized into

X —1=(—-D*+x3+x?+x+1) = +12)E*+x3+x*2+x+1)

f) n = 6: Factorize x® — 1 over Z;
xX—1=(x3-DE+D)=x-DE*+x+1D3+1)

=(x-Dx+Dx+10)x3+1) =(x—-Dx+4)(x+10)(x* + 7x + 12)
= (x+12)x+9)(x+10)(x+4)(x+3)(x+1)

Therefore x® — 1 can be factorized into 6 monic irreducible polynomials over Z,5 .all linear factors.
On the other hand the number of cyclotomic cosets 13(mod6) are

Co={0} Ci=(1) C=(2) GCs=(3) Cs=(4) Cs=(5)

Hn=7 x" -1

We factorizex” — 1 over Zi3.C; = {i.g/mod7j =0,1, 2,3,..} Co={0} C:={1,6} C.={2,5}
Cs={3,4}

x” — 1 Can be factorized into
x—1=(—-DE+x°+x*+x3+x2+1) = (x + 12)(x? + 3x + 1) (x? + 6x +)(x? + 5x + 1)
Therefore x7 — 1 Can be factorized into 4 monic irreducible polynomials. 1 of degree 1 and 3 of degree 2
h) n=8: x8 —1 Consider the cyclotomic cosets 13 mod8 C; = {i.13/mod8 j = 0,1,2,3, ...}
Co={0} Ci={15} Co={2} GCs={3,7} Cs={4} Ce={6}

Factorize x8 — 1 over Z3
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XB=-1=*"-DE*+ D =*-DE*+D*+1) = (x+12)(x + D(x +5)(x + 8)(x? + 5)(x? +
8

x® — 1 factors into 6 irreducible polynomials. 4of degree 1 and 2 of degree 2.
i) Factorize x° — 1 over Z,4

= 1=x-DOE+x"+x +x° +x* +x3 +x2+x+1) =(x+12)(x—9)(x —3)(x3 +4)(x3 +
10) = (x + 12)(x + 4)(x + 10)(x3 + 4) (x> + 10)

x? — 1 factors into 5 irreducible monic polynomials. 3 of degree 1 and 2 of degree 3. On the other hand the
numbers of cyclotomic cosets are 5.

C;={i.13mod9j=0123,..} Co={0} Ci=(147F C={2,85} C3={3} C¢={6}
J)We factorize x1° — lover Zy3.C; = {i.13/mod10j = 0,1,2,3, ...}

Co={0} Ci={1,39,7} C,={2,6,84} Cs={5}
x1% — 1 Can be factorized into;

x0—1=-DE+ D)= —-DE*+x3+x2+x+DE°+1) = (x +12)(x* +x3 +x2 +x +
1x+11x4+2x3+4x2+8x+3

x10 — 1 factors into 4 irreducible monic polynomials.2of degree 1 and 2 of degree 4.

11— 1over Z;3. C;={i.13mod j=0,1,23,..}

k) We factorize x
Co={0} Ci={1,2,4,8,5,10,9,7,3,6}
x11 — 1 Can be factorized into;

1= -0 +x° +x8+x" +x+ x> +xt + 3+ x2+x+ 1) = (x +12)(x10 + x° + x8 +
X7 4x6 415414+ 3+x2+x+1

x'1 — 1 can be factorized into 2 irreducible monic polynomials. 1of degree 1 and 1 of degree 10
1) We need to factorize x'2 — 1 over Z;3  C; = {i.13/mod j =0,1,2,3, ...}

Co={0} Ci={1} C,={2} Cs={3) Cs={4} Cs={5} Ce={6} C={7} Cs={8} Co={9} Cio={10}
C11={11}
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x12 — 1 Can be factorized into;

2 1= -DE°+ D= -DEP+ D+ D)= -DE*+x+ D2+ D+ 1)
=(x-Dx+4)xE+10)03+ D +1) = (x — D(x + 4)(x + 10)(x? + 7x + 12)

=(x+12)x+9Dx+10)(x+Dx+3Dx+ D +1)
=(x+Dx+2)x+3)x+4D)x+5)x+6)x+7Dx+8)(x+9)(x+10)(x + 11)(x

+12)
Therefore there are 12 irreducible monic polynomials of degree 1.

m) We need to factorize x'* — 1 over Z;3 C; = {i.13/mod j =0,1,23,...}

Ci={1,0} C,={2,0} C3={3,0} C,={4,0} Cs={5,0} Ce-{6,0}
C11:{11,0} Clzz{lZ,O}

Co={0}
C={7,0} Cs={8,0} Co={9,0} C10=[10,0}
x13 — 1 Can be factorized intox!3 — 1 = (x — 1)13 = (x + 12)13

Therefore there are 13 irreducible monic polynomials of degree 1 with the same roots repeated 13 times

n) Need to factorize (x'* — 1)over Z;3.C; = {i.13/mod14j = 0,1,2,3, ...}
Co={0} Ci={113} C,={2,12} Cs=(3,11} Cs= {4, 10} Cs={5,9} C,={7} Ce={6,8}

x — 1 Can be factorized into;
X 1= =D+ D= =D+ x> +xr +x3+x2+x+1)
"+ 1) =(+12)(x®* +3x+ D(x? +6x+ D(x2+5x + D(x + 1) (x2 + 7x + 1) (x? + 8x + 1)(x?
+ 10x + 1)

x1* — 1 factors into 8, irreducible factors; 6 degree 2 and 2 of degree 1

0) Need to factorize.x'> — 1 over Z3. C; ={i.13/mod15j =0,1,2,3, ...}

Co={0} C:={1,13,4,7} C,={2,11,8,14} Cs={3,9,12,6} Cs={5,10}

x> — 1 can be factorized into 5 irreducible monic polynomials. 1 of degree 1, 1 of degree 2 and 3 of

degree 4.
X — 1= - +xB +x2 4+ + 20 + x4+ x8 +x7 +x + X +xt + X3+ 2+ x4+ 1)
=(x+12)(x? +ax + b)(x* + 3x3 + 9x% + x + 3)(x* + 9x3 + 3x% + x + 9) (x* + x3

+x2+x+1)
0) Need to factorize x6 — 1 Over Z;3.. C; = {i.13/mod16 j =0,1,2,3,...}

Co={0} C1={1,13,9,5} C,={2,10} C3={3,7,11,5}C,={4} Cs={6,14} Cg={8} Ci,={12}
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x16 — 1 Can be factorized into;

x - 1= -DEP+D=C*-DE*+ D +1D) = -DEZ+ DA+ DB+ 1) =
c+12)x+ D2+ D+ DB+ D) = (x +12)(x + D2 + Dx* + D(x* + 5) (x* +
8)=(x +12)(x + 1)(x + 5)(x + 8)(x? + 5)(x* + 5)(x% + 8)(x* + 8)

x16 — 1 factors into 8, irreducible factors, 4 of degree1, 2 of degree 2 and 2 of degree 4

p) n=17: x17 — 1 Consider the cyclotomic cosets 13 mod 17.

C; ={i.13mod17 j =0,1,23,..}Co={0}  C;={1,13,16,14} C,={2,9,15,8}
Cs={35,14 12} C,={4,1,13,14}

x7 —1=((x -0 + x5 + x4+ 213 + 212 + x4+ 210 + 2%+ x8 +x7 +x% +x° + x* + x3 + x?
+x+1)
=(x+12)(x* +2x3 +5x2 + 2x + 1) (x* + 923 + 9x + 1) (x* + 10x3 + 9x2 + 10x
+ 1) (x* 4+ 2x3 +5x% + 2x + 1)

x17 — 1 can be factorized into 5, irreducible factors, 1 of degreel and 4 of degree 4
q) Need to factorize x1® — 1 Over Z;3 . C; = {i.13/mod18 j =0,1,2,3,... }.

Co={0} Ci={1,13,7} C,={2,8,14} Cs={3} C.,={4,16,10} Cs={5,11,17} Ce={6}  Co={9}
C12:{9} C15:{15}

x18 — 1 Can be factorized into;

xB—1=0x-DE°+D) == +x" +x0 +x° +x* +x3 +x2+x+ D(x° + 1)
=(x-DxEx-9)x-3)x*+H>+10)(x° +1)
=(x+12)x+ D) (x+10)(x3 + (X3 +10)(x + D) (x +3)(x + D(x3 +3)(x3 +9)

Factors into 10, irreducible factors, 6 of degreel and 4 of degree 3
r) n=19: x! — 1 Consider the cyclotomic cosets 13 mod 19
. C; ={i.13mod19 j =0,1,2,3,..}
Co= {0} C:={1,13,17,12,3,14,11,10,16} C,={2,7,15,5,8,9,3,1,13}
x'® —1 Can be factorized 3 irreducible factors, 1 of degree 1and 2 of degree 9

G —1D=(—D0C® +x7 + 210 + 2 +xM + 213 + 212 + 2 + 210 + 2% + 28 +x7 +x0 +x° +
X443+ x 2+ 1=x+12x9+ax8+Dx7+cx6+adx5+exd+fx3+gx2+hx+rkx 9+ mx8+nx7+px6+gx5+rxd+s
X3+x2+ux+v
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where a, b,c,d, e, f,g,k,h,m,n,p,q,r,s,t,u,v € Z3

s) Need to factorize x2° — 1 over Zi3. C; ={i.13/mod 20 j =0,1,2,3,...,}
Co={0} Ci={1,13,9,17} C,={2,6,18,14}

C={4,12,16,8}  Cs={5} Cyp={10} C3={3,19,7,11} Cis={15}

x%0 — 1 Can be factorized into;

x0 - 1= -+ D= -DE+ D+ D) = -DE*+x3+x2+x+ 1D +1) =
(x+12)(x* +x3 +x2 +x+ D+ 1) (x* + 2x3 + 4x? + 8x + 3)(x + 5)(x* + 8x3 + 12x% + 5x +

Ix+8x4+5x3+12x2+8x+1

Factors into 8, irreducible factors; 4 degree 4 and 4 of degree 1.

The number of irreducible factors in (x™ — 1)mod13 is equal to the number of cyclotomic coset of

13modn provided (g, n)

The number of irreducible factors in (x™ — 1)mod13 forn = 1,2,3, ... ,20is summarized in the table below:

5{ 3 of degreel, 2 of degree 3}

©
=

I
—_

n x" =1 Number of irreducible factorsin x™ — 1
1 xt—1 1{1 of degree 1}
2 x2—1 2{2 of degreel}
3 x3—1 3{3 of degree 1}
4 x*—1 4{4 of degree 1}
5 x> =1 2{1 of degreel, 1 of degree 4}
6 x6—1 6{6 of degree 1}
7 x’ —1 4{4 of degreel, 3 of degree 2}
8 x® —1 6{4 of degreel, 2 of degree 2}
9

10 x10—1 4{ 2 of degree 1, 2 of degree 4}

11 xl—1 2{ 1 of degreel, 1 of degree 10}

12 x?2 -1 12{ 12 of degree 1}

13 xB3 -1 13{13 of degreel}

14 x* -1 8{2 of degreel, 6 of degree 2}

15 x5 -1 5{1 of degreel, 1 of degree2, 3 of degree 4}
16 x16—1 8{4 of degreel, 2 of degree2, 2 of degree 4}
17 x17 —1 5{1 of degreel,4 of degree 4}

18 x18 —1 10{6 of degree 1, 4 of degree 3}

19 x19—1 3{1 of degreel, 2 of degree 9}

20 x%0 —1 8{ 4 of degreel, 4 of degree 4}
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. . E, . :
Theorem 3.1: The number of cyclic code in R, = ¢ [x]/xn _ 1 isequal to 2™ where m is the number of m

cyclotomic coset mod n. Consider the number of cyclic code of lengthn = 1,2,3,...., 20 over Zi5.
n x" =1 numberofq numberofqcyclotomiccoset
cyclotomic = 2"
coset =m

1 x! =1 1 21 =2
2 x?—1 2 22 =4
3 x3—1 3 23=28
4 x*—1 4 2 =16
5 x°>—1 2 22 =4
6 x6—1 6 20 =64
7 x’ —1 4 24 =16
8 x®—1 6 20 =64
9 x?—1 5 2% =32
10 x10—1 4 2 =16
11 a1l —1 2 22 =4
12 x? -1 12 212 = 4096
13 x3—1 1 13+1=14
14 x -1 7 27 =128
15 x5 —1 5 2° =32
16 x10 —1 8 28 =256
17 x7 —1 5 2% =32
18 x® -1 10 210 = 1024
19 x1% —1 3 23=38
20 x%0 —1 8 28 = 256

3.2 Consider x® —1 when n=13k, (kkn)=1 x"—1=x3—-1= (k-1 andif

k=1 xB¥-1=(@x-1)1

Number of cyclic codes = 13 + 1 = 14

k=2 x*-1=0*>-1DB=x-DBx+ 113 =((x+12)3(x+ 1) Number of cyclic codes

= (13 +1)% = 142

Ok=3 x¥-1D=-DB=x-DBx?+x+ DB =x-DBx+4H)B(x+10)13 =

(x+12)Bx + 4B (x + 10)*3

Number of cyclic code s = (13 +1)3 = 143

Dk=4 x?-1=x*"-DB = -8B+ DB =x-DBx+ DB (x+8)3(x+5)B=(x +

12)13(x+1)13(x+8)13(x+5)13

Number of cyclic code s = (13 +1)3 = 143
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) k=5 x®-1=x>-DB=x-DB@*+x3+x2+x+ =(x—-DBx*+x3+x? +x+1)13
Number of cyclic codes = (13 + 1)? = 142
f) k=6 x®-1=x°-1)P = -+ DB

=(x+12)P P +x+ DB+ DB
=(x+12)Px+ NP E+10)Px+HBE+3)Bx + P

Number of cyclic codes = (13 + 1)° = 14°

NDk=8x""*"-D=0*-DP =@*-DBE*+ P = x> -DPE*+ DB+ DY = (x +
12)B(x+ DB (x +5)8 (x + 8)P (x* + 5)1P (x* + 8)1

Number of cyclic code= (13 + 1)° = 14°

Nk=9:x7-1=x-DB=x-DBx-9)Bx-3)Bx*+x3+ DB = (x+12)83(x +
4B (x +10)P (x + 10)3 (x* + H1?

Number of cyclic codes = (13 + 1)°> = 14°

Dk=10: xP° -1 =" -DB = -DBE+ DB = - DB + 23 + 22 +x ++D8 (x° +
DB == +12)80*+x3 +x2 +x+ DB (x + DB (x* + 12x3 + x2 + 12x + D13

Number of cyclic codes = (13 + 1)* = 144

DEk=11: W -D =" -DB = -DB0T +x0+x%+x8 +x7 +x® + x>+ x* +x3 +x% +
x+ DB =x+12)800 +x0 + 2% + a8+ x7 +x0 + x> +xt + X3+ x2 +x + 1)

Number of cyclic codes = (13 + 1)? = 142

k) k=12: x = 1= -DB = - DB+ DB =P - DB + DB+ DB = (x +
DB +2)Bx+3)Bx+4)Bx+5Bx+6)Bx+7DBx+8)Bx+DB(x+10)1B3(x +
1B +12)8

Number of cyclic codes = (13 + 1)12 = 1412
D k=13 x' -1= " -1 = P +12)P
Number of cyclic codes = (13 + 1)! = 14!

Mk=16:(x*® -1 =" -DB = -DBEP+ DB = * - DHBE*+ DB+ DB =
=B+ DB+ DB+ DB = +12)B G+ DB +5)B(x + 8)B3(x? + 5)1B3(x? +
8)13(x4 + 5)13(x4 + 8)13

Number of cyclic codes = (13 + 1)® = 148
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n) k = 20: (x260 _ 1) — (xZO _ 1)13 — (x1o _ 1)13(x10 + 1)13 — (x5 _ 1)13(x5 + 1)13(x10 + 1)13 —
(c+12)Bx* +x3 +x2+x+ DB+ 1D)8(c* +2x3 +4x2 + 8x + 3)B3(x + 5)B3(x* + 8x3 +

12x% + 5x + )3 (x + 8)13 (x* + 5x3 + 12x2% + 8x + 1)!3

Number of cyclic codes = (13 + 1)% = 148

The above is summarized in the table below

K x™ — 1 when Number of factors Number of cyclic code
n =13k

1 13 1 (13 + D! =141
2 26 2 (13 + 1)% = 142
3 39 3 (13+ 13 =143
4 52 4 (13 + D* = 14*
5 65 2 (13 + 1)? = 14?
6 78 6 (13 + 1)° = 145
7 91 4 (13 + D* = 144
8 104 6 (13 +1)% = 14°
9 117 5 (13+1)°> =14°
10 130 4 (13 + D* = 144
11 143 2 (13 +1)? = 14?
12 156 12 (13 + 1)12 = 1412
13 169 1 13+ D! =141
14 182 7 (13 +1)” = 147
15 195 5 (13+1)° =14°
16 208 8 (13 + 18 = 148
17 221 5 (13+1)° =14°
8 234 10 (13 + 1)19 = 1410
19 247 3 (13 + 1)3 = 1413
20 260 8 (13 + 18 = 148
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3.3 Consider x™ —1whenn = 13% where (k,13) =1

The above is summarized in the table below:-

K x" =1 Factors Number of cyclic code
0 x13° _ 1 (x — 1)13" 13°+1=2

1 Y131 _q (x — 1)13 131 +1=14

2 137 _q (x — )13 132+1=170

3 135 _ 1 (x — D1’ 133 +1

4 x13* 1 (x — 1)134 13*+1

5 135 _ 1 (x — D1’ 135 +1

6 x13° 1 (x — 1)136 136 +1

7 £137 1 (x — 1)13 137 +1

K 13 1 (x — B 13 +1

4. Conclusion
1. Let Z, be agiven field. If x™ — 1 factorizes into a product of linear factors over Z, such that x" —1 =

F[X]/

(x — 1)™ then the number of cyclic code inR, ="?""/,n _; isgivenbyn+1

2. Let Z, be a finite field and x™ — 1 be given cyclotomic polynomial such that x" —1 = (x — ay)(x —
a2x—a3....(x—an) Wwhere aftayV i/ and suppose that

F[X]/

n = gm where m € Z* then, the number of cyclic codes in R, = ¢ xn — 1 Isgivenby (q+ 1)k where

k is the number of distinct factors over Z,.

3. Let Z, a given field and x™ — 1 be given cyclotomic polynomial such that x® —1 = (x — 1)" then the
number of irreducible monic polynomials over Z, is not equal to the number of cyclotomic coset.
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