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Abstract

In this paper we seek the number of irreducible polynomials of x™ — 1 over GF (17). We factorize x™ — 1 over GF(17)
into irreducible polynomials using cyclotomic cosets of 17 modulo n. The number of irreducible polynomials factors of
x™ — 1 over Fy is equal to the number of cyclotomic cosets of q¢ modulo n. Each monic divisor of x™ — 1 is a generator
polynomial of cyclic code in Fyn_ We show that the number of cyclic codes of length n over a finite field F is equal to
the number of polynomials that divide x™ — 1. Lastly, the number of cyclic codes of length n, when n =17k, n =
17%,n = 17% — 1, (k,17) = 1 are enumerated.

1. Introduction

The basic problem of coding theory is that of communication over unreliable channel that result in errors in the
transmitted messages. It is worth noting that transmitted messages like data from a satellite are always subject to noise.
It is important therefore, to be able to encode a message in such a way that if noise scramble it, it can be decoded to its
original form. This is done by adding redundancy to the message so that the original form can be recovered if too many
errors have not occurred. Sometimes where sensitive information is being transmitted the message is highly encoded and
certain dummy parameters added to the message to avoid it correctly decoded in case it lands on wrong hands.

In addition to these practical application, coding theory has many application in theory of computer science. As such it is
a topic of interest to both practitioners and theoreticians.

1.1 Definitions

Code: Let F be a finite set with g symbols, there are q" different sequences of length n. Of these only g% are
codewords since the r check digits within any codeword are completely determined by the k message digits. The set
consisting of g* codewords of length n is called a code.

1.2 Cyclic code: Let C be a Inear code over a finite field GF(q) of block n, C is called acyclic code, if for every
codeword ayaqa,, ...,a, from C, the word a,a;a,, ...,a,_; in C obtain by acyclic right shift of component is also a
codeword. This also involves the left shift. Therefore a linear code C is cyclic precisely when it is invariant under all
cyclic shifts.

1.3 Cyclotomic cosets: Let n be relatively to q. The cyclotomic coset of gmodn is defined by C; = {i.q/modn € z, :
j=012,..}

1.3 Preliminary results

A code C is said to be cyclic if it is alinear code and it is invariant under any cyclic shift. In finding cyclic codes we
factorise x™ — 1 into irreducible polynomials and obtain all monic polynomials that divide x™ — 1. Each such monic
polynomial is a generator polynomial and generate a cyclic code. We wish to generate the number of cyclic code of
length n over GF (17).
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3 Factorization of x™ — 1 into irreducible polynomials over Z;~

Let n be a positive integer with g.c.d (q,n) = 1. Then the number of monic irreducible polynomials factors of x™ — 1
over Fy is equal to the number of cyclotomic coset g modulo n and if

a)yn=1: x —1 = x + 16 is the irreducible polynomials of degree 1 over Z;-
b)n =2: x> —1 Consider the cyclotomic cosets 17 mod 2
C;={i.177mod2j =10,1,23,...} C={0} C;={1}

There are only two cyclotomic cosets of 17 mod 2 over Z;,. On the other hand the number of irreducible polynomials
will only be two

x2—1=x-1Dx+1)=(x+16)(x +1) over Z;,
c)n=3:x3—1 Consider the cyclotomic cosets17 mod 3
C; ={i.177mod3j=0,1,2,3,..} C={0}  C;={1,2}

There are only two cyclotomic cosets 17 mod 3 over Z;- . Therefore the number of irreducible polynomials will only be
two i.e

x}—-1=0x+16)(x* +x+1)

d)n = 4: x* — 1 Consider the cyclotomic cosets17 mod 4 C; = {i. 17/mod4 j = 0,1,2,}
Co={0} Ci={1} C={2} C={3}

Number of irreducible monic factors will be four

x*—1=x*-DE?+D)=Cx-DE+DE*?+1D)=Cx-DE+DEx+4H)(x+13) = (x +16)(x + D(x +
4(x+13)

e)n =5: x5 — 1 Consider the cyclotomic cosets 17 mod 5. C; = {i. 17/mod5 j = 0,1,2,3,..}
Co={0} C={1,2,3,4} There are only 2 cyclotomic cosets 17 mod 5.

Therefore the number of irreducible polynomials will be two
X —1=(x-D*+x3+x?+x+1D)=(x+16)(x*+x3+x?>+x+1)
f) n=6: x®—1 Consider the cyclotomic cosets 17mod 6 C; = {i. 17/mod6 j = 0,1,2,3, }

Co={0} C={1,5} Cx={24} Cs={3}

There are 4 cyclotomic cosets 17 mod 6.Therefore the number of irreducible monic factors will be four
x—1=0-DEP+ D) =Cx-DE*+x+DE3+1)=((x+16)(x>+x+ 1)(x + D(x? + 16x + 1)

g)n=7: x” =1 Consider the cyclotomic cosets 17 mod 7 C; = {i.17/mod7 :j =0,1,2,3,..} Ci={{0}
Cl={ 193’296’495}

There are only 2 cyclotomic cosets of 17mod7. Therefore the number of irreducible monic factors will be two.

X7 =1=(x-Dx+x°+x*+x3+x2+1)
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=(x+16)(x® +x°+x* +x3+x2+1)
h)n = 8: x8 —1 Consider the cyclotomic cosets 17 mod 8. C; = {i. 17/mod 8 :j=0,1,2,3, }
Co={0} C={1} Cx={2} GCi={3} Cs={4} Cs={5} Ce={6} C={7}
Therefore x® — 1 can be factorised into 8 monic irreducible polynomials all linear factors. x® — 1 = (x* — 1)(x* +

1=x2—1x2+1x4+1=xv—Ix+1x+4x+13x4+1=v—Ix+Ix+4x+ 1342+ 11x+18x2+10x+16=x+16x+1v+4xr+13
Ty 2 +8)(x+2)(x+9)

i) n =9:x% — 1. Consider the cyclotomic cosets 17 mod 9 . C; = {i. 17/mod9 :j=0,1,23, }
Co={0} C={18} C={2,7} GCi={3,6} C={45}
x2 — 1 Can be factorized into 5 irreducible monic polynomials, 1 of degree 1 and 4 of degree 2.

x0—1=(x-DOB+x"+x+ x> +x*+x3+x?+x+1)
=(x+12)(x2+3x+D(x2+10x+1) (x2+4x+ D(x®+x+ 1)

j)n =10: x1®— 1. Consider the cyclotomic cosets 17 and 10. C; = {i.17/mod10: j =0,1,2,3,..}
Co={0} C={1,793} (C={248,6} Cs={5}
x1% — 1 Can be factorized into 4 irreducible monic polynomials, 2 of degree 1 and 2 of degree 4.

x0— 1= -DE*+ D)= - DE*+x3+x2+x+DE°+1) = (x+16)(x* +x3 +x2 +x + D(x +
Ix4+16x3+1

k)n =11: x'* — 1. Consider the cyclotomic cosets 17 mod 11. C; = {i.17/mod11: j = 0,1,2,3,..}
C0= {0} C1={ 1a67377a97175a874a2}
x!1 — 1 Can be factorized into 2 irreducible polynomials, 1 of degree 1 and 1 of degree 10.

X —1=( DO +x? +x8+x" +x+x P +xt + 3+ a2+ x+ 1) =+ 12)(x0+x%+xB+x7 +
XY6+X5+x44+x3+x 24 +1

[)n = 12:x'2 — 1. Consider the cyclotomic cosets 17 mod 12 C; = {i.17/mod12: j = 0,1,2,3,..}
Co={0} C={15} GC={2,10} GC={3} C={4.8} Ce={6} C={7.11} GCo={9}
x12 — 1 Can be factorized into 8 irreducible factors, 4 of degree 1 and 4 of degree 2.

C2-1D=E*-DE+D)=03-DE3+ D%+ 1)
=(x-DE*+x+DE3+ 1D+ 1)
=(x+16)(x?+x+ 1D(x+ 1)(x? +16x + 1)(x + 4)(x? + 4x + 16)(x + 3)(x? + 13x + 16)
m)n = 13: x'* — 1. Consider the cyclotomic cosets17mod13. C; = {i.17/mod13: j = 0,1,2,3,..}
C={0} C={143,129,10} C={2,8,6,11,5,7}

x13 — 1. Can be factorized into 3 irreducible factors, 1 of degree 1 and 2 of degree 6
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xB—1=(x—-DE2+x + x4+ x7+xB+x7 +x+ x>+ xt +x3+x2+1) = (x +16)(x1? + x11 + x10 +
X9+XE+XT+X6+ X5+ X4+ 3+ X2+ 1=x+16x6+13x5+ 254+ 1243+ 212+ 132 +1) (x6+5x5+ 2x4+4x3+2x2+5x+1

n) n=14: x* —1 . Consider the cyclotomic cosets 17 mod 14. C; = {i.17/mod10: j = 0,1,2,3,..}
Co={0} C={1,39,13,11,5} Cy={2,6,4,12,8,10} C;={7}
x* — 1 Can be factorized into 4 irreducible factors , 2 of degree 1 and 2 of degree 6.
G -—D=0"-1DE"+1D=((x—-D(x®+x>+x*+x3+x2+ 17 +1)
=(x+16)(x® + x> +x*+x3+x%+1)
=(x+16)(x® + x> +x* +x3 +x? +x + 1)(x® + 16x> + x* + 16x3 + x? + 16x + 1)(x + 1)
0)n = 15: x> — 1. Consider the cyclotomic cosets 17 mod 15.
C; = {i.177mod15: j = 0,1,2,3,..}
Co={0} C={1,24,8} (C3={3,6,12,9} C,={7,14,13,11} Cs={5,10}
x'> — 1 can be factorized into 5 irreducible monic polynomials. 1 of degree 1, 1 of degree2 and 3 of degree 4.
P = 1= DM+ 2B + x4 x4+ x0 4 x% +xB xS+ xt P+ x2 4 x+ 1)
=(x+16)(x?+x + 1)(x* +5x3 + 15x% + 11x + 1)(x* + 11x3 + 15x% + 5x + 1) (x* + x3 + x2
+x+1)
p)n =16:x® —1 Consider the cyclotomic cosets 17 mod 16.

C; = {i.177mod10: j = 0,1,2,3,..}

Co={0} Ci={l} GC={2} GC={3} Cs={4} GCs={5} Ce={6} C={7} Cs={8} Co={9}
Cio={10} Cu={11} Cp={12} C;3={13} Cu={14} Cis={15}

x16 —1 Can be factorized 16 irreducible monic polynomials, all linear factors.
x—1=x-DEE+D=0*"-1DE*+DEE+ D= -DE2+DE*+ D3+ 1) = — D(x +
Ix+4x+13x4+1x8+1=xv—Ix+1x+4x+13x2+11x+18x2+10x+16x8+1=(x+1)

x+2))x+3)Ex+Hx+5)x+6)(x+7)(x+8)(x+9)(x+10)(x + 11)(x + 12)(x + 13)(x + 14)(x +
15)(x + 16)

q@)n=17: x'7 — 1. Consider the cyclotomic cosets 17 mod 17.  C; = {i.17/mod10: j = 0,1,2,3,..} Co={0}
Ci={1.0} GC={2,0} GCs={3,0} Ci={40} Cs={5.0} Ce={6,0} C={7.0} Cs={8,0} Co={9,0} Cy={10,0}
Cu={11,0} Cp={12,0} Ci5={13,0} Cu={14,0} C;5={15,0} Ci={16,0}

x17 — 1 Can be factorized into 17 irreducible monic polynomials, all linear factors.

&l7-1D)=x-D7=(x+16)Y
r) n=18: x1® — 1 Consider the cyclotomic cosets 17 mod18.

C; = {i.177mod10: j =0,1,2,3,..}

Co={0} Ci={1,17} Cx={2,16} C3={3,15} Cs={4,14} Cs={5,13} Ce={6,12} C={7,11} C4={8,10}
Co={9}
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x® — 1 Can be factorized 10 irreducible factors , 2 of degree 1 and 8 of degree 2.
s) n=19: x1 =1  Consider the cyclotomic cosets 17 mod 19.
C; = {i.177mod10: j = 0,1,2,3,..}
C={0} C={1,174,11,16,6,7,5,9} C,={2,15,8,3,13,12,14,10,18}
x'% — 1 Can be factorized 3 irreducible factors, 1 of degree 1and 2 of degree 9
P =D =D +x17 +x10 + x5 +xM* + x24T 4 410 4 x% + 48 +x7 +xC + x> +x* +x3 +
X2+1=(x—1) ¥9+ax8+bx7+cx6+ax5+exd+/X3+gx2+/x+kx 9+ max8+nx7+px6+gx5+rxd+sx3+ex2+ux+v
where a, b, c,d,e, f,g,k,h, m,n,p,q,7,s,t,u,v € Z1,
t)n =20: x2°—1. Consider the cyclotomic cosets 17 mod 20.  C; = {i.17/mod10: j =0,1,2,3,..}

Co={0} C={1,179,13} C,={2,14,18,6} Cs={3,11,7,19}
Cis={15}

C={48,16,12} Cs={5} Cy={10}

x29 — 1 Can be factorized 10 irreducible factors 8. 4 of degree 1 and 4 of degree 4

x20—1=0-DE+ D)= -DE+DEC+ D) = - D+ 3 +x2 +x+ D+ DO +1) =
(x+16)(x* +x3+x2 +x+ Dx+ Dx*+16x3 + D0+ 1) = (x +16)(x* +x3 +x?2 + x + D(x + D(x* +
16x3+1x+4x4+4x3+16x2+11x+10x+13x4+4x31642+13x+1

The number of irreducible factors in (x™ — 1)mod17 for n=1,2,3,...,20 is
Summarized in the table below.

n x" -1 Number of irreducible factorsinx™ — 1
1 xl—1 1{1 of degree 1}

2 x?-1 2{2 of degree 1}

3 x3-1 2{1 of degreel,1 of degree 2}

4 x*-1 4{ 4 of degree 1}

5 x> -1 2{1 of degreel,1of degree 4)

6 x6—1 4{ 2 of degreel,2 of degreel,2 of degree 2}
7 x’ =1 2{1 of degree 1,1 of degree 6}

8 x8 -1 8{8 of degree 1}

9 x%—1 5{1 of degreel,4 of degree 2}

10 x0—1 4{2 of degree 1,2 of degree 4}

11 x1—1 2{1 of degree 1,1 of degree 10}

12 x?2 -1 7{2 of degree 1,5 of degree 2}

13 x3 -1 3{1of degreel,2 of degree 6}

14 xt—1 4{2 of degree 1,2 of degree 6}

15 x> —1 5{1 of degree 1,1 of degree 2,3 of degree 4}
16 x—1 16{ 16 of degree 1}

17 x7 -1 17{17 of degree 1}

18 x®—1 10{2 of degree 1,8 of degree 2}

19 x9—1 3{1of degree 1,2 of degree 9}

20 x%0 -1 8{4 f degree 1,4 of degree 4}
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Theorem 3.1

The number of cyclic code in R,, =

coset modn.

3.1 Consider the number of cyclic code of lengthn =1, 2, 3,..

Fq[x]/

X

n _q Isequalto 2™ where m is the number of m cyclotomic

Consider the number of cyclic code of lengthn =1,2,3, ...., 20 over Zq5.

20 over Zq7

n =1 number of q cyclotomic number of cyclic code
coset equal m equal 2™
1 xt—1 1 21 =2
2 x?-1 2 22 =14
3 x3 -1 2 22 =4
4 x*—1 4 2* =16
5 x5 —1 2 22 =4
6 x®—1 4 2* =16
7 x7 -1 2 22 =4
8 x8—1 8 28 =256
9 x?—1 5 2° =32
10 x10—-1 4 2 =16
11 x1 -1 2 22 =4
12 xt? -1 8 28 =256
13 xB3 -1 3 25=8
14 x*—1 4 24 =16
15 x15—1 5 2° =32
16 x16—1 16 216 = 65536
17 x7 -1 1 2t =2
18 x18—1 10 219 =1024
19 x¥ -1 3 23=8
20 x?0 -1 8 28 =256

3.2 Consider x™ — 1 when n=17k: (k,17) =1

x"—1=

a) k=1 x¥"-1=(x-1D7=(x+16)Y

DHk=2:x3*-1=x*-D7=x-DYx+1D7 =x+16)"(x+ 1)V

1)2 = 182

k=3 x1—-1=0x3-1DY = (x+16)7(x% +x + 1)V

x17k -1

and if

=(x+ DY (x+12)7(x + 8)(x + 5)Y7

Number of cyclic codes = (17 + 1)* = 18*
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e) k=5 x5 -1=0x"-1DY=x+16)7(x*+x3+x2+x+ 1)V
Number of cyclic codes = (17 + 1)?=182 = (17+1)’=18>
Hk=6: x12-1=x°*-D7=03-DV3+ D7 =(x+16)7(x? +x + DY (x + 1) (x? + 16x + 1)7
Number of cyclic codes = (17 + 1)* = 18*

Dk=7x"-1=G"-DV=x-D"x®+x>+x*+x3+x2+x+ 1DV = (x +16)V7(x® + x> + x* +
3+x+x+ 1DV

Number of cyclic codes = (17 + 1)% = 182

h) k=8 x136—1=(x®— 1)V = (x* — DV (x* + DV = (22 — DV (&2 + DY (% + DV = (x + 16)17(x +
DY (x + )Y (x + 13)Y7 (x + )Y (x + 2)Y (x + 8)17 (x + 2)17

Number of cyclic codes = (17 + 1)® = 188

Dk=9: x> -1=0x°-DV=x-DV"E?+x+ D7+ x3+ D7 = (x +16)Y (x? + x + D (x? +
3x + D7 (x? + 10x + 117 (x? + 4x + 1)V

Number of cyclic codes = (17 + 1)° = 185

NDk=10: x10 - 1= -V =G5 -GS+ DY =@+ 1607 +x* +x3 +x2 +x + DV (x5 +
DYV =@ -DV+ D7 = +16)Y7(x° +x* +x3 +x2+x + DY (x + DY (x* + 16x3 + 1)V

Number of cyclic codes = (17 + 1)* = 18*

KNk=11x¥ - 1=0c1-D7 = -0+ x+x8+x" +x° + x5+ x*+x3+x2+x+ D7 = (x +
16)7(x0 +x? +xB +x7 +xb+x +xt + a3+ x2+x+ 1Y

Number of cyclic codes = (17 + 1)? = 182

Dk=14: x8-1=0"-D7="-DV"G&" - DYV =(x-DYE +x +x*+x3 +x2 +x + D7 (x -
16)Y7(x® + 16x° + x* + 16x3 +x2 + 16x + )Y = (x + 16)7 (x® + x° + x* + x3 + x2 + x + D7 (x + D7 (x® +
x> +xt+ a3+ x2+x+ 1DV

Number of cyclic codes = (17 + 1)* = 18*

m) k = 20: x34-0 —1= (xZO _ 1)17 — (x10 _ 1)17(x10 + 1)17 — (XS _ 1)17(X5 + 1)17(x10 + 1)17 — (X _

DY (x*+x3+x2+x+ DY (x — 16)17 (x* + 16x3 + 1DV (x — 13)Y7 (x* + 4x3 + 16x% + 11x + 10)17 (x —
D7+ 3+ x2+x+ DYV = (x+16)7(x +x3 +x2 +x+ DY (e + DY (x* + 1623 + D (x + 4)17 (x* +
4x3 4+ 16x2 + 11x + 10)Y7 (x + 13)V7 (x* + x3 + x%2 + x + 1DV

Number of cyclic codes = (17 + 1)8 = 188
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The above is summarized in the table below

k x™ — 1lwhenn Number of factors Number of cyclic code
=17k

1 17 1 17+ 1! =18
2 34 2 (17 + 1)?> = 182
3 51 2 (17 + 1)?> = 182
4 68 4 (17 + D* = 18*
5 85 3 (17 + 1)3 =183
6 102 4 (17 + 1* = 18*
7 119 3 (17 + 1)3 = 183
8 136 8 (17 + 1)8 = 188
9 153 5 (17 +1)°> =18°
10 170 4 (17 + 1D* = 18*
11 187 2 (17 + 1)? = 182
12 204 8 (17 + 1)8 = 188
13 221 3 (17 + 1)3 =183
14 238 4 (17 + 1)°> = 18*
15 255 5 (17 +1)°> =18°
16 272 16 (17 + 116 = 18
17 289 1 17+ 1! =18
18 306 10 (17 + 110 = 1870
19 323 3 (17+1)3 =183
20 340 8 (17 + 1)8 = 188

3.3 Consider x® —1 when n =17% (k,17) =1

The above is summarized in the table below

K x"—-1 Factors Number of cyclic codes
0 x17° —1 (x—1)7° 17°+1 =2

1 X7t 1 (x — D7 171 +1=18

2 ¥17% 1 (x — 1)17* 172 +1 =290

3 »17° 1 (x — 1)173 173 +1

4 x17* =1 (x — D7 17% +1

5 £17° _ 1 (x — 1)7° 17° +1

10 17 _q (x— 17" 1710 +1

K x17% _ 1 (x — 1)V7" 17 +1
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3.4 Consider x"—1 when n=17¥-1in Z,,.

17 17k _
Now x"—1=x7""1-1= xT —1== let p = 17% where p is prime. Substituting for the value of p we
p_ p-1_
have = " 1 " D — xP~1 _ 1. But we know that

xP~1-1

— = xP72 4 xP 34 xP4 4+ L 4x+1 giving xPT1—1=(x—1DEP2+xP3+xP 4+ L 4+x+1)
Suppose that @,_; (x) = (xP72 +xP73 +xP™* + . +x+1)
Sothat xP~1 —1 = (x — 1)@,_1(x). One notices that Eisenstein criterion is not directly applicable. We therefore
substitute (x + 1) for x in equation xP™' —1 = (x —1)@,_1(x). Now (x + P71 —1=((x+1) - 1)@, ,(x +
1 so that we have

-1 -1 -1 -1
pr—1(x+1)=xp_1—1=<p0 )x”_1+(p1 )xp_2+...+(§_2)x+(§_1)—1
= (g ) () e (02)
—( 0 X + 1 x + ..+ p—2

= B

We now apply Eisenstein criterion P ~ 1/(p_1) fork=1,23,..p—2s0o p—14+1 (p-1)°+4 (g:;) hence @,,_1(x +
k

1) is irreducible over Z,, therefore xP~1 —1 = (x — 1)@,_1(x + 1) is irreducible
Hence the number of cyclic code over Z;; whenn = 17% — 1 is 22=4

4. Conclusion

1.Let Z; be a given field. If x™ — 1 factorizes into a product of linear factors over Z, such that x™ —1 = (x — 1)"

F,
then the number of cyclic code in R, = ¢ [x]/ xn —1 1s givenbyn+1

2. Let Z, be afinite field and x™ — 1 be given cyclotomic polynomial such that x™ — 1 = (x — a;)(x — az)(x —
a3...(x—an) where ai/#ay Vi/and suppose that

F,
n = gm where m € Z* then, the number of cyclic codesin R,, = ¢ X / xn — 1 isgivenby (q + 1)* where k is the

number of distinct factors over Lg.

3. LetZ, agiven field and x™ — 1 be given cyclotomic polynomial such that x™ — 1 = (x — 1)" then the number of
irreducible monic polynomials over Z, is not equal to the number of cyclotomic coset.
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